Abstract. We show that if a Barker sequence of length n > 13 exists, then either n = 3 979 201 339 721 749 133 016 171 583 224 100, or n > 4 · 10 33 . This improves the lower bound on the length of a long Barker sequence by a factor of nearly 2000. We also obtain 18 additional integers n < 10 50 that cannot be ruled out as the length of a Barker sequence, and find more than 237000 additional candidates n < 10 100 . These results are obtained by completing extensive searches for Wieferich prime pairs and using them, together with a number of arithmetic restrictions on n, to construct qualifying integers below a given bound. We also report on some updated computations regarding open cases of the circulant Hadamard matrix problem.
Introduction
The kth aperiodic autocorrelation for a finite sequence a 1 , . . . , a n is defined by
A Barker sequence of length n is a sequence a 1 , . . . , a n , each ±1, with the property that each of its aperiodic autocorrelations besides c 0 is small: one requires that |c k | ≤ 1 for each k ≥ 1. Barker sequences are known only for lengths n ∈ {1, 2, 3, 4, 5, 7, 11, 13}, and in fact there is only one Barker sequence of each of these lengths, after accounting for certain symmetries. (Reversing, negating, and negating every other term of a Barker sequence always produces another Barker sequence.) It is widely conjectured that no other Barker sequences exist. Turyn and Storer [11] proved that n = 13 is the maximal length of a Barker sequence of odd length, and many restrictions are known for the even case.
The even case of the Barker sequence problem is related to another well-known problem in combinatorial optimization. For a sequence a 1 , . . . , a n , we first define its kth periodic autocorrelation by
where the indices on the right are taken modulo n, so that γ k = c k + c n−k for each k ≥ 0. It is well known [1] that if a 1 , . . . , a n is a Barker sequence with n > 2, then its sequence of periodic autocorrelations is constant for k ≥ 1, and that their common value γ is 0 if n is even, 1 if n ≡ 1 mod 4, and −1 if n ≡ 3 mod 4. It follows that if a 1 , . . . , a n is a Barker sequence and n > 13, then the vector a = (a 1 , . . . , a n ) is orthogonal to all nontrivial cyclic shifts of itself. If we record each successive cyclic shift of a as a row of an n × n matrix H, then H is a circulant matrix with mutually orthogonal rows in which each entry is ±1. Such a matrix is a circulant Hadamard matrix, and it is widely conjectured that no such matrix exists with order n > 4.
A number of restrictions on permissible values of n are known in the circulant Hadamard matrix problem. We review these in Section 2, along with an additional arithmetic restriction on n in the open case of the Barker sequence problem. In 2009, the second author [6] employed these restrictions to determine the smallest integer n > 13 that could not be eliminated as the length of a Barker sequence, proving that either n = 189 260 468 001 034 441 522 766 781 604 (1) or n > 2 · 10 30 . The same article established that fewer than 1600 integers n < 4·10 26 satisfy all the known restrictions in the circulant Hadamard matrix problem. Recently, Leung and Schmidt [5] obtained some further restrictions on the order of a circulant Hadamard matrix, and some of these restrictions apply to the Barker sequence problem as well. These new restrictions are also summarized in Section 2. Using these new conditions, Leung and Schmidt proved that the exceptional value (1) is not a permissible length for a Barker sequence.
In this article, we determine the smallest integer n that satisfies all of the known conditions now required for n > 13 to be the length of a Barker sequence, and we show in Section 3 that this is the only such integer less than 4 · 10 33 . Our method follows that of [6] , but incorporates the new restrictions of [5] . This method relies on a large search for Wieferich prime pairs, which are pairs of prime numbers (q, p) with the property that q p−1 ≡ 1 mod p 2 . In Section 4, we determine more than 500 additional integers that satisfy all of the known requirements for the length of a Barker sequence, including eighteen more values less than 10 50 . We also compile more than 237000 integers less than 10 100 which survive most of the known restrictions, but for which complete testing is at present computationally prohibitive. We expect, however, that the vast majority of these integers will in fact satisfy all of the known requirements.
In particular, we prove the following theorem. Here, n = 4u 2 with u = 5 · 13 · 29 · 41 · 2953 · 138200401; the prior value (1) is 4u 
Arithmetic restrictions
We review the known arithmetic restrictions on the order of a circulant Hadamard matrix, since these are automatically restrictions for the Barker sequence problem in the open case where the length is even. We also review a requirement specifically for Barker sequences.
First, it is well known that if n is the order of a Hadamard matrix and n > 2, then 4 | n, and that the order of a circulant Hadamard matrix is a square, so we write n = 4u 2 . Turyn [10] proved that u must be odd, and cannot be a prime power. He established an important general criterion as well, known as the self-conjugacy test. We require two brief definitions for this. First, for integers r and s, we say that r is semiprimitive mod s if there exists an integer j such that r j ≡ −1 mod s. Necessarily, then, gcd(r, s) = 1. Second, we say that r is self-conjugate mod s if every prime divisor p | r is semiprimitive modulo the p-free part of s, that is, the largest divisor of s that is not divisible by p. We may now state Turyn's self-conjugacy test.
Theorem 2. Suppose n = 4u
2 is the order of a circulant Hadamard matrix, and r and s are integers with r | u, s | n, and gcd(r, s) has k ≥ 1 distinct prime factors. If r is self-conjugate mod s, then rs ≤ 2 k−1 n.
By taking r = p ℓ and s = 2p 2ℓ in the self-conjugacy test, one obtains a special case, noted for instance in [3] . It states that the order of a circulant Hadamard matrix cannot have a prime-power factor that is too large.
Corollary 3. If n = 4u
2 is the order of a circulant Hadamard matrix, and p ℓ | u for an odd prime p and positive integer ℓ, then p 3ℓ ≤ 2u 2 .
In [5] , Leung and Schmidt obtained another restriction that rules out values of n having a sizable prime-power divisor, provided that a side condition also holds. For a prime p and integer t, let ν p (t) denote the largest integer k such that p k | t.
Theorem 4. Suppose that n = 4u 2 is the order of a circulant Hadamard matrix, let p be an odd prime dividing u, let a = ν p (u), and suppose that p 2a > 2u. Further, let r be a divisor of m = u/p a , with r self-conjugate modulo p, and suppose that q 1 , . . . , q k are the prime divisors of m/r. Then
This result rules out (1) as the possible length of a Barker sequence, by taking p = 138200401 and r = 2953.
Next are two tests based on the field descent method of Schmidt [8] . For this, let D(t) denote the set of prime divisors of the integer t. For a positive integer m and a prime q, let
In the first case, then, m q is simply the q-free and squarefree part of m. Next, let ord s (t) denote the order of t in the multiplicative group of units modulo s, and for positive integers m and n and a prime r, define b(r, m, n) by
with the convention that b(2, m, 2 k ) = 2 and b(r, m, r k ) = 1 for an odd prime r. Finally, define F (m, n) by
From [4, Cor. 4.5], we have the following highly restrictive inequality.
2 is the order of a circulant Hadamard matrix, then uϕ(u) ≤ F (u 2 , u).
In [5] , Leung and Schmidt established a second bound depending on the same function F (m, n). We cite their result here only as it applies to circulant Hadamard matrices.
Theorem 6. If n = 4u
2 is the order of a circulant Hadamard matrix, and m and w are positive integers with m | u, w | n, and m is self-conjugate modulo n/w, then
Finally, Eliahou, Kervaire, and Saffari [2] established the following restriction specifically for Barker sequences.
Theorem 7. If n = 4u
2 is the length of a Barker sequence, and p is a prime number with p | u, then p ≡ 1 mod 4.
We remark that Leung and Schmidt in [5] obtain a third new restriction for circulant Hadamard matrices of order n = 4u
2 , for the case where every prime divisor p of u satisfies p ≡ 3 mod 4. Since this restriction is not relevant to the Barker sequence problem, we do not consider it here, and instead discuss it in Section 5.
Proof of Theorem 1
We employ the method of [6] to determine all integers u ≤ U = 10 16.5 composed entirely of primes congruent to 1 mod 4 and less than P = 2 1/3 · 10 11 , and for which uϕ(u) ≤ F (u 2 , u). This allows us to construct all integers n = 4u 2 up to 4 · 10 33 which satisfy Corollary 3, Theorem 5, and Theorem 7. Note that in this case
and, since u must be odd and we can assume that u is not a prime power, that
However, the product on the left here cannot exceed 1.7 for u ≤ U , so we require that F (u 2 , u) = u 2 . Thus, for each prime p | u, there must exist another prime q | u such that either q p−1 ≡ 1 3.1. Graph construction. We begin with the directed graph D(U 0 ) constructed in [6] , where U 0 = 10 15 / √ 2, and then add the vertices and edges required for D(U ). Most of the computations here were dedicated to detecting new Wieferich prime pairs (q, p) where q < p. By considering our new bound U and prime bound P , the searches summarized in Table 1 were required. This search finds 156 927 new Wieferich pairs, involving 308 837 primes. These pairs are available at the web site [7] . We remark that this computation required by far the largest portion of the CPU time required in this project, totaling approximately 7.5 core-years.
After this, we find all Wieferich pairs (q, p) with q > p, where p ≡ 1 mod 4 and q is a prime that just appeared in this last search. We then add a flimsy link for each prime r ≡ 1 mod 4 with r | (q − 1), for any newly appearing prime q, This process continues, finding new descending Wieferich pairs and new flimsy links, until no additional new primes arise. At the end of this process, our graph D(U ) has 608 246 vertices, 950 456 solid edges, and 665 640 flimsy edges. For comparison, the graph D(U 0 ) in [6] had 252 905 vertices, 387 444 solid edges, and 284 272 flimsy edges.
3.2. Cycle enumeration. Using Tarjan's algorithm [9] , we find that there are 4656 cycles in D(U ), with lengths from 2 to 50, and these are available at [7] . This is the same number that are present in the smaller graph D(U 0 ). We remark that only 2688 cycles were reported for this graph in [6] , owing to an error in the implementation of Tarjan's algorithm. However, none of the missing cycles was sufficiently short to alter the conclusions of [6] .
3.3. Cycle augmentation and final processing. Only five cycles C in D(U ) have the property that p∈C p ≤ U : these are the same five cycles identified in [6] for D(U 0 ). We apply the same algorithm described in that paper to determine, for each such cycle C, all connected subgraphs G of D(U ) containing C for which p∈G p ≤ U and for which each p ∈ G can be reached in G from some vertex q ∈ C. After this, we check that each such augmented cycle G produces a viable value for u, by checking the required condition at each flimsy link. We also check all of the values of the b(p, u 2 , u) in order to detect any admissible non-squarefree multiples of the allowed squarefree ones which lie below our bound U .
This produces sixteen permissible values for u ≤ U , nine of which were reported in [6] . There are seven new values: 
5 032 969 334 448 665 = 5 · 5333 · 188748146801,
6 308 091 105 652 921 = 13 · 29 · 41 · 2953 · 138200401,
13 337 534 395 615 565 = 5 · 53 · 193 · 4877 · 53471161,
31 540 455 528 264 605 = 5 · 13 · 29 · 41 · 2953 · 138200401.
We now turn to the remaining three criteria from Section 2. The self-conjugacy test of Theorem 2 rules out (3), (5), and (7). (For (3) , use r = 53471161 and s = 2 · 4877 2 r 2 , for (5), use r = 5333 and s = 188748146801 2 r 2 , and for (7), use r = 4877 · 53471161 and s = r 2 .) Theorem 4 then disqualifies (2), (4), and (6). (Use p = 138200401 in all three cases; for (2), use r = 5 · 2953, for (4) and (6), use r = 29 · 2953.) The last possibility (8) cannot be excluded by using Theorem 2, Theorem 4, or Theorem 6. This establishes Theorem 1.
Additional admissible values
We may use our graph D(U ) to construct some additional admissible values for the length of a Barker sequence by raising the threshold used in Section 3.3 from U = 10 16.5 to some larger value, W . Since we perform no additional searches for Wieferich prime pairs as in Section 3.1 and do not construct D(W ), we cannot conclude that we find all permissible lengths of Barker sequences in the range [4U 2 , 4W 2 ]. However, we describe these additional admissible values here in order to facilitate future research efforts.
4.1. 50 digits. We set W = 5 · 10 24 , and use the method of Section 3.3 to obtain a number of integers u ∈ [U, W ] that pass Corollary 3, Theorem 5, and Theorem 7. We find 133 such integers, and we apply the other three criteria to these values. Theorem 2 disqualifies 115 of them, and Theorems 4 and 6 do not exclude any of the remaining values. Table 3 summarizes the results of each of these latter three criteria indexed by Ω(u), which denotes the total number of prime factors of u, counting multiplicity. This leaves eighteen admissible values for u ∈ [U, W ], and therefore eighteen additional plausible integers n < 10 50 for the length of a long Barker sequence. These values are listed in Table 2. 4.2. 100 digits. We set W = 5 · 10 49 , and in the same way we obtain 238 858 values of u ≤ W from the graph D(U ) which satisfy Corollary 3, Theorem 5, and Theorem 7. This includes the 133 values from Section 4.1, as well as those from Section 3 and from [6] . However, because our tests for Theorems 2 and 6 have running time that is exponential in Ω(u), only a portion of these could be 3  7  7  --0  4  27  25  0  0  2  5  46  44  0  0  2  6  41  35  0  0  6  7  11  4  0  0  7  8  1  0  0  0  1  Total  133  115  0  0  18 examined against the remaining criteria. In particular, we checked Theorem 2 for u with Ω(u) ≤ 8, and Theorem 6 for Ω(u) ≤ 6. On the other hand, we tested Theorem 4 on all the values, since very few had a prime-power factor large enough to qualify in this theorem. In all, we ruled out 1051 of these values by using these last three criteria, nearly all coming from Turyn's test. Table 4 summarizes these results. Combined with Table 3 , we find 549 integers n < 10 100 that satisfy all of the known requirements for the length of a Barker sequence.
In addition, we note that Turyn's self-conjugacy test is empirically less effective as Ω(u) grows larger. Indeed, Theorem 2 disqualifies 91.7% of the values in Table 4 with Ω(u) = 4, but only 3.8% of those with Ω(u) = 8. In the same way, we expect that Theorem 6 will grow less effective with larger Ω(u), owing to the embedded self-conjugacy test. It seems reasonable to expect then that the vast majority of the Table 4 will pass these two criteria. All 237 807 values are available at the authors' web site [7] to assist future research efforts. We note that the largest surviving integer u < 5 · Also, it is interesting to note that each of the 237 807 different values of u remaining in Table 4 Many other cycles occur: some that contain one of these seven, such as 5 → 53471161 → 193 → 5, and some that appear only in combination with one of them, like 5 → 6692367337 → 1601 → 5.
Circulant Hadamard matrices
We conclude with a brief update on computational results in the circulant Hadamard matrix problem. In [6] , the second author used the method of Section 3, but including the primes congruent to 3 mod 4, to find all integers u ≤ U ′ 0 = 10 13 that satisfy Corollary 3 and Theorem 5. This effort produced a list of 2064 integers. However, this computation missed a number of cycles in the directed graph that was constructed there, due to the error in the earlier implementation of Tarjan's algorithm. In [6] , 461 653 distinct cycles with length at most 12 were reported; in fact, there are 1 126 465 such cycles. Only 196 of these have vertex product less than U ′ 0 (up from 154 in the earlier work), leading to 7676 values after the augmenting step (up from 7491). However, after the final filtering steps, involving checking the bound on F from Theorem 5 and checking for valid non-squarefree values, we obtain precisely the same set of 2064 integers satisfying Corollary 3 and Theorem 5.
In addition, the same article reported that 486 of these 2064 values were eliminated by using Theorem 2. More is true: in fact, 611 of these values are disqualified by using Turyn's self-conjugacy test. The software used to implement Turyn's test in [6] was unable to resolve a number of cases; a new implementation using Sage performed much better.
Finally, in their recent paper [5] , Leung and Schmidt obtained a further restriction for the circulant Hadamard matrix problem, covering a special case that does not include the Barker sequence question. We state this result here.
Theorem 8. Let u be an integer whose prime divisors are all congruent to 3 mod 4. Let p be one of these divisors, and suppose that w is a divisor of u that is selfconjugate modulo p. Let q 1 , . . . , q k be the prime divisors, excluding p, of u/w. If u = w or gcd(ord p (q 1 ), . . . , ord p (q k )) ≤ u 2 w 2 , then no circulant Hadamard matrix of order 4u 2 exists.
They used this result, together with Theorems 4 and 6, to establish that 185 of the remaining values from [6] are not allowed as the order of a circulant Hadamard matrix. We find that 103 of these 185 values may also be eliminated by using Turyn's criterion. Table 5 summarizes the results of applying Theorems 2, 4, 6, and 8 successively to the 2064 integers u ≤ U ′ 0 that satisfy Corollary 3 and Theorem 5. Because Turyn's criterion now accounts for 22 of the values not shown to be inadmissible in [5] or [6] , the number of permissible orders n for a circulant Hadamard matrix, with 4 < n ≤ 4 · 10 26 , now stands at 1371. We remark that there are presently just five allowable integers u in the circulant Hadamard matrix problem for which n = 4u 
